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The Kinetic Theory of a Special Type of Rigid Molecule. 
By F. B. Pidduck, M.A., Fellow of Corpus Christi College, Oxford. 

(Communicated by Prof. A. E. H. Love, F.E.S. Eeceived January 19, 1922.) 

1. The present paper is an exercise in the classical kinetic theory, with no 
admixture of quantum theory, or of the modern theory of atomic structure. 
The researches of Chapman* and Enskogf suggest an attempt to see how far 
exact methods can be used when the molecule has rotational as well as trans- 
lational energy. It is now well established that if X is the thermal con- 
ductivity, fju the viscosity, and c v the specific heat at constant volume of a 
monatomic gas, X/fjuc v is nearly equal to 2*5. No exhaustive theory is yet in 
sight for polyatomic gases, but the views of EuckenJ are of great interest, and 
his formula \//j£ v = %(9y--5) agrees with many experiments. The present 
paper discusses the effect of energy of rotation on viscosity and thermal con- 
ductivity in a special case, and may help to elucidate certain points, 
notwithstanding the crudeness of the adopted model. 

The need of a molecular model which shall lend itself to calculation has 
often been felt. In his first paper on the kinetic theory, Maxwell § considered 
the collision of perfectly elastic bodies of any form, and enunciated the 
theorem about energy of rotation which was afterwards included in the 
general doctrine of equipartition in the steady state. Of recent years more 
attention has been paid to slight departures from the steady state, with a 
view to obtaining a rigorous theory of thermal conductivity, diffusion, and 
viscosity. Jeans|| considered the perfectly elastic collisions of smooth spheres 
whose centres of mass and figure are different. Approximations were made 
by neglecting powers of r/a higher than the second, where r is the eccen- 
tricity and a the diameter of the molecale, so that we have rather an 
unfortunate limiting case in which energy of rotation only adjusts itself 
infinitely slowly in comparison with that of translation ; while the free path 
phenomena were not treated in detail. It appeared to the writer that there 
would be less trouble with the molecular model suggested by Bryan.1T 

* S. Chapman, 'Phil. Trans.,' A, vol. 216, p. 279 (1915) ; vol. 217, p. 115 (1916). 

t D. Enskog, ' Inaug. Dissert.,' XJpsala, 1917. 

J A. Eucken, 'Phys. Zeitsehr./ vol. 14, p. 324 (1918). 

§ J. C. Maxwell, ' Phil. Mag.' (4), vol. 20, p. 33 (1860) ; ' Collected Papers, 5 vol. 1, 
p. 406; see also L. Boltzmann, * Sitzber. Preuss. Akad. Berlin,' p. 1395 (1888) ; '"Wiss. 
Abhandl., 1 vol. 3, p. 366. 

|| J. H. Jeans, 'Phil. Trans.,' A, vol. 196, p. 399 (1901) ; 'Quart. J. Math.,' vol. 25, 
p. 224 (1904). 

IT G. H. Bryan, 'Brit. Ass. Eep.,' p. 83 (1894). 
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Imagine two spheres to collide and grip each other, so as to bring the points 
of contact to relative rest. A small elastic deformation is produced, which 
we suppose to be released immediately afterwards, the force during release 
being equal to that at the corresponding stage of compression. Thus the- 
relative velocity of the points of contact is reversed by collision. 

Let 0, Oi be the centres of two identical molecules of mass M and radius 
a, P, Pi the points of impact, (~MI T , —ML,, — MI*) the impulse at P on the 
first sphere and (MI X> MI y , MI*) the impulse at Pi on the second sphere.. 
The direction-cosines of OOi are taken as (I, in, n). Let 

u x , Uy ', u/ be the linear velocity of the first sphere before collision, 
co/, Wy , &>/ be the angular velocity of the first sphere before collision, 
Uxi, iiy\> u z \ be the linear velocity of the second sphere before collision, 
<»>xi> <*>yi> <*>zi De the angular velocity of the second sphere before collision,. 
u X) Vy, u z be the linear velocity of the first sphere after collision, 
a> Xi o)y, co z be the angular velocity of the first sphere after collision, 
Mxi> u yh u ?i be the linear velocity of the second sphere after collision, 
g>xi, «yi, (o z i he the angular velocity of the second sphere after collision, 

and write k = k 2 ja 2 , where h is the radius of gyration of the sphere about any 
axis through the centroid. Then we have fifteen equations of the five types 



U x = U X + 1 X , M x = 6) z -+ l 



tca 



t ' rnlz—nXy 



S (i> 



U xl : 

KCL 

J 

nj—matoj + naod t J — {u x \ + ma<o zl ' —nam y \) 

+ u x — maco z + naody — {io x \ + macozi — nacoyi) = 0. (2) 



Writing 



we find 



% x = u- x i — Ux + ma (co z i + m z ) — na (co ¥ i + o> y ), (3) 



, /e@ x l + l(® x + m®« + n® z ) , , m% z — n% y ^ 

K® x l + l(® x + m® y + n® z ) , mQ g -ne y 



r- 



(4> 



We note the following facts about this collision : — 

(1) Accented and unaccented letters can be interchanged in equations (4) r 
with definitions of @ x , @ y ', 0/ of the same form as (3) ; thus equations (3) 
and (4) can be used also to calculate elements after collision from those before 
collision, for a given (I, m, n) physical possibility not being considered. It- 
follows that the (twelfth order) Jacobian of transformation is numerically 
equal to 1. 
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(2) The formulae are unchanged when the signs of I, m, n and the angular 
velocities are changed, leaving the linear velocities unaltered. 

(3) The role of the two colliding molecules can be interchanged by changing 
the signs of I, m, n. 

(4) There is no gain or loss of kinetic energy by the system. 

2. Confining our attention to a single gas, the number of molecules in 
the volume element dxdydz with velocities between %i Xi u y , u z , and u x + du x , 
Uy + diiy, u z -\-du Zt and angular velocities between co x , co y , w z , and co x + dco x> 
coy + dwy, co z -\-dco x , is written 

f (t, x, y, z, u x , 'u y> u z , co x , co y , co z ) dx dy dz du x du y du z dco x dco y d<o z . 

The external forces on a molecule are assumed to be statically equivalent 
to a force (MF^, MF y , MF^), at the centre, where F is independent of the 
velocity.* Direct collision between molecules (u x , u y , u Zi co x , coy, co z ) and 
(u x i, Uyi, u z i, (o x \, coyi, Wari) is not possible with the direction-cosines I, m, n of 
equation (4), the direction-cosines —l, — m, —n taking their place. The 
proof of the equation satisfied by / is well known. f The later proofs are 
free from a defect pointed out by Lorentz,| which would be quite fatal with 
a rigid molecule. Thus the direct collision just referred to does not give 
linear and angular velocities (u x , u y ' ', u/, co x , co y ', co/) and (u z i, u y \ , u z \ , 
fOxi , o) y i, co z i) after collision ; the nearest thing to an inverse collision is 
that molecules (u x , u y , u Zi — co x , — co y , — co z ) and (u x i, u y \, u z \, —co x i, — e» y i, — cd z i)> 
colliding at (— I, —m, —n), give molecules (u x , u y , u/ f — to x , — co y \ -co/) 
and {u x \ , u y i, u z i, -%/ — co y i — to*/) (see notes (1) and (2) of last article). 

Writing dr for the expression dii x dii y dii z d<d x dto y dto z and dr\ for 
dii x \dii y \du z \d<jd x \dw y \dtd z \ we have 

^ lx &it x ^dit y * z du; W 
where 

Y = I (u xl — u x ) + m (%i — u y ) + n (u zX — u z ). ( 6 ) 

Here a = 2a is the diameter of the molecule and d8 an element of solid 
angle in the direction (I, m, n), integration with respect to S being over that 
hemisphere which makes Y positive. 

* For the general case see H. A. Lorentz, ' Ahhandlungen iiber theoretische Physik/ 
vol. 1, p. 164 (1907). 

+ L. Boltzmann, < Wien. Ber.,' vol. 66, Abth. 2, p. 324 (1872) ; vol. 72, p. 427 (1875) ; 
* "Wiss. Abhandl.,' vol. 1, p. 361 ; vol. 2, p. 1 ; ' Gastheorie,' vol. 1, p. 98. 

% H. A. Lorentz, 'Wien. Ber.,' vol. 95, Abth. 2, p. 115(1887); L. Boltzmann, ibid., 
p. 153. 
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The advantages of Bryan's model will now be apparent. We have no 
angular positional eo-ordinates in the equation, and no 3/3<y terms on the right. 
From \(f'fi-—ffi)'VdSdTi = in the equilibrium state we pass to ff\ =ffi 
for all possible collisions, notes (1) and (3) of Article 1 justifying the trans- 
formation of the integral 

| * C/Yi' -//i) VdSdrdn to ~~ 1 1 (f + </>/ - £ - ft) (/7/ -//0 Vtf Stfrrfn * 

Hence the distribution 

log / = X {^ x 2 + % 2 + •%/ -f- /e# 2 (o>/ + &>/ + ft) ^ 2 )} + /^ + ^% + p^ 4" o" (7) 
is sufficient for equilibrium, though not proved to be necessary. 

In a paper on the kinetic theory of a gas whose molecules are smooth rigid 
bodies of any form, Ishidaf finds also linear terms in &>, but his reasoning 
seems to depend on an erroneous inclusion ol the angular momentum of a 
molecule round its centroid in the class of summational invariants. The 
linear terms are said to be determined by the visible motion of rotation of the 
gas. With our present model, at least, there are weighty reasons against this ; 
firstly, that excess angular velocity of one sign tends (unlike excess linear 
velocity) to disappear when two molecules collide ; and, secondly, that for a 
gas rotating uniformly in a cylindrical vessel there is no need to assume a 
unilateral distribution, of angular velocity. To prove the first point consider 
two groups of molecules with definite linear and angular velocities, which are 
within narrow limits of (u x , u y , u z , a> Xt w yy co z ) and (u x i, %i, u zXt co xh a> yl} a z i ) 
respectively. The number of collisions in which the line of centres is within 
an elementary solid angle dS near (I, m, n) is proportional to YdS, and we 
have to find the mean angular velocity after collision. Write 

Then (3) and (4) give three equations of the type 



a x 



1 _ ^±_ (rptf + 7 ty I a x + r ^-— {lma y + nla z ) 

1 -f A5 J 1 + K 



2 
Take axes for the moment so that <& x = <P y = and <Jx is positive. Then 

a x = < 1 —(in^+W) >ct x -\-~~ (tvia. y -\~nla z )-±- - 



l~|-/c J " l+/c * a(l-f/e/ 

& / O . 79 \ . *-* / ,7 \ ^^ ^»- 5" 



«„ == «j 1 — ~— ■ (ft 2 ~\- P) > OL y + -(mUCl z + lm<X x ) 



^ 



a- 



1 -f /e J 1 + a; " " a (1 + k) 9 

9 12- 

1 — ~ . , (/ 2 4 ^ 2 ) L a z + - — - (nla x -f mnuy). 

1 + tc J 1 ~f /c 

* 6y. Boltzmami, ' Gastheorie,' vol. 1, pp. 119-121 ; Enskog, p. 24. 
t Y. Ishida, 'Phys. Rev./ vol. 10, p. 317 (1917). 
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We have V— <Pn z and integration is over the hemisphere n > 0. The mean 
values of a x \ a/, otJ are given by 

ttolx = J a x 'ndS, iroiy = J dy'ndS, ttolJ = J a/ndS. 

Terms after the first in the expressions for a/, ay', «/ vanish on integration, 
so that 



woe. 



ot r , 



n 



2n 



(m 3 + w 2 ) >■ rZS, 7r«/ =• « y 



9 



?i 



w- 



l+/c 



*(^ 2 + Z 2 ) ^S, 



7T«^ = «; 



%■ 



X -f- /c 



(P + m 2 ) [dS. 



Evaluating the integrals, 



<*x 



r 3 

l 1 ""2(H-«). 



o 



«a, 



a 



■y 



2(1 + *) 



a 



y> 



a* = 



1- 



1 



1 -f- a; j 



«; 



Each of the three coefficients being numerically less than unity, the magni- 
tude of the mean angular velocity after collision is less than («/ -f «/ + a* 2 )i 

As regards mass-rotation of the gas as a whole, the case of a monatomic gas 
rotating with uniform angular velocity is one of those for which Boltzmann* 
found an exact solution, and the proof applies also to the present molecular 
model Boltzmann's solutions make both the left and right-hand sides of his 
equation (5) vanish. As far as the left-hand side is concerned, X, fi,v, p and 
or in equation (7) may be any functions of x 9 y, z and t. The right-hand side 
vanishes if 



X,cr = const., fju = yll z —z£l v , v = 2£l x --xQg, p = %VL y — yVL 



X) 



where Q x , £l yi £l z are constants, and the mass-motion is a uniform rotation 
with angular velocity — Ii/2X. Thus rotation of the gas as a whole does not 
necessarily imply preponderant rotation of the separate molecules about any 

m 

3. The general idea underlying all recent theories of viscosity and thermal 
conduction in gases is that of successive approximation, initiated by 
Maxwellf and applied to Boltzmann's equation by Brillouin,J Lorentz,§ and 

* L. Boltzmann, ' Wien. Ber., 5 vol. 74, Abth. 2, p. 539 (1876) ; ' Wiss. Abhandl., 5 vol. 2, 
p. 90 ; 'Gastheorie,' vol. 1, p. 139. 

f J. C. Maxwell, ' Phil. Trans.,' vol. 157, p. 80(1866) ; 'Collected Papers, 5 vol. 2, p. 68. 

J M. Brillouin, 'Ann. Chiin. Phys./ (7), vol. 20, p. 451 (1900). 

§ H. A. Lorentz, ' Archives Neerland.,' Vol. 10, p. 343 (1905) ; i Theory of Electrons,' 
2nd ed., p. 267. 
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Hilbert* Hilbert's argument is essentially as follows. Writing D for the 
operator 

d£ ox ay cz ou x o u y ou z 
equation (5) becomes 

(ffi -/A) VdS cln = i D/. 



Expanding / in the form 






and equating coefficients of the various powers of 1/cr 3 , we have a set of 
equations to determine <E>, ^ ... ? of which the first two are 

| (<£>'<!)/ _ (1)$,) y ^s dn - 0, (9) 

J (*i , SP / + ^'^Z — «>i\P — 4>^i) YdSdn = D4>. (10) 

For the solution of (9) we take 

8tt 3 E 3 T 3 

ex P "" opTn j ( u * ~~ ^) 2 + (% — r °yf + 0^ "~ v *) 3 + «« 2 (®* a + «/ + w * 2 ) f > 



(11 

where p is the density, T the absolute temperature and (v x , v yy v z ) the mean 
velocity of the gas at (%, y, z) at time t, and R the universal gas constant 
1*35 x 10~ 16 . This choice of parameters makes |/^ dr = j <JE>i/r <ir for any of 
the five functions 

i/r = 1, ?,6z, % yj ^, tt x 2 + v v a + u 2 2 +Ka 2 (a) x 2 + o) !f 2 -{-<o z 2 ). 

Following Brillouin and Hilbert we write X F = <3>(£, so that we have to the 

first order in 1/a 2 

/=<D(1 + £M, (12 



where <£ is given by the equation 

J<M£'+*l'-£-<MVdS*Ti = D (log <&), (13) 

and satisfies the additional conditions 

| <£>(f>dT = j <&$u x dT = | Qfyiiydr = J ^^u z dr 

- J $</> K 2 + V + w/ + *a 2 (o)., 2 + o) y a + co, 3 ) } ^r = 0. (14) 

* D. Hilbert, 'Math. Ann.,' vol. 72, p. 565 (1912); « Lineare Integralgleichungen/ 
p. 270. 
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4. Following Hilbert and Enskog, it is convenient to introduce the new 
variables 



P* = (jTTIm {Ux-Vx), fy 



q x = 



,2BT 

Mk \* 
2ET, 






«%, 



& = 



M*\* 



,2R1\ 



aco 



y 



& 



M*\4 
2RT ^ 



~\ 



S (15) 



and write 

P 2 —Px 2 +P/+Pz 2 , 



q 2 = 2* 3 + ft, 2 + #/, rfr = #>* #y dp* Afc ^y d?*, ( 1 6) 



(ft 



3 , 3 , 3 , 3 

d£ d^ dy d# 



(17) 



Then if no external forces are acting, equation (13) becomes 



Mtt 3 



' M \* d.(p\J M \*j* + j*dT 



2BT7 dfe 



log 



o \ n 



~p i 



T 8 / \2RT/ T A 



, M / dv x . dvu . dv z \ 
+ ™ ( P* -3? +P'J ~£ +P* ~£ ) 



/ 3 

dx 



a 



-LtX 

p 2 + q 2 



dt 

3T 



dt 

3T 



<ft 



"> 



3T 



+ ^= + ^ +ft 5J l0g W +c -T L ^S +ft '^ + ^^ 



where we write with a slight change of notation 

V = I (p x i —p x ) 4- m (p y i —Py) + n (p z i —pz)> 
With a similar slight change in equations (3) and (4) we have 



(18) 



(19) 



P> 



Px + 



Pxl = PxV 



K® x 4- 1 V 
1 + tf ' 



qx = &+ 



&1' = ^xi + 



l + « 



y 



(20) 



1-f/e ' x "'~ A * x 1 + /C 

where ® x = p x i—px + 'c~ i m(qzi + qz)'-/c~*n(qyi + q tf ). (21) 

In order that equations (18) may be soluble, certain conditions must be 
satisfied, which, as Hilbert pointed out, are the approximate hydrodynamical 
equations, together with the equations of continuity and energy. Writing Q 
for the right-hand side of equation (18), we have 

f exp ( —p 2 — q 2 ) Qty dr 

= J exp ( —p 2 — q 2 —pi 2 — ^i 2 ) (</>' + #i' — ^ — 00 ^VrZS dr dr l} 
where yfr is an arbitrary function of p x , p y , p z , q x , q yy q Zi subject to certain 
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conditions of integrability. Writing [<£, yfr], in Enskog's notation, for the 
integral on the right, we find as before 

[0, f] = - i | exp ( -p 2 - (f -p! 2 - ji 2 ) 

($' + <jE>i' — <£ — $1) (^' + ^1' — i/r — -^i) V dS dr dr h 

showing that [<£, ^] = [ijK </>]. It follows that necessary conditions for the 
solubility of (18) are J exp ( — • p 2 ■— # 2 ) Qyfrdr = 0, where ^ is any of the 
functions l,p x> p y ,p Zy p 2 -{-q 2 . The right-hand side of (18) is of the form 

Q = Qoo -f Qo (P 2 + ? 2 ) + { Q*0 + Qx (p 2 + <? 2 ) }#* + . . . 

where the coefficients Q o, are independent of p x , p 1Jf p z , q Xt q 1Jt q** 

Evaluating the integrals we find 

QoO = 0> Qo = — " iKQaar-fQyy+Q**)? QxO ™ ~~ ^Q^ 

QyO = "~4Q y , Q.^o = — 4Q jy . 

Using these equations to remove the c?/^ terms from (18), it becomes 

J exp ( ~p x 2 - q, 2 ) (f + <fc' - <f> - <h) V rfS rfn 

= Qx<P» + 2*-4)ft + ... +Q«{p^-i(^+2»)} 

+ ... +Q,yzPi/Pz+ ... , (22) 
where 

n _ Mir 8 1 3T n _ 2Mtt 3 / M \* rto* 

/o 1 da? p \2±il/ da? 

Q^» 8 (Mf(^ + |). (23) 

p \2KT/ \3y cW 

It remains to limit the form of <£>.* We must have by consideration of 
orthogonal invariance, with due regard to (14), 

<f> — Q^+Qy</>y+Q^-f Q.r^./:+ .-• + Qyzfyyz + ... > (24) 

where 

<j) x = Pop* -f Pig,: ^ 

<frnr = P2(Px 3 — J-^) + P3 (Mx-iCp^+P^y +j»^) } +P4(<7* 2 -4S 2 ) k (25) 
#y* = ^PyPz + ?3 (ft,2* + P*&) + ?4 </y^ 

and P , ... P4 are functions of p 2 , q 2 , Pxqx + Vyqy + pzqz only. Writing 

1(0) = Jexp(-V-?iW + ^i'-0-^)VdS*- 1 , (26) 

the functions Po, ... have to be found from the equations 

1 (<M = ^ 2 ~i (i? a + 2 2 ) J ' 

* Cy. Brillouin, loo. cit. ; H. A. Lorentz, * Yortrage liber die ldnetische Theorie der 
Materie,' p. 185 (1914). 
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Equations (14) may be written 

where ifr = 1, Px, p y , p* p 2 + <? J 

5. Following Enskog, we attempt a series solution of (27). The functions 
are made to satisfy (28), and are of the following types : — 

Conductivity type. 

(l) 4, = [> <f ( Px q x 4 My +P 4,y* - 8 r & ±±±& 1 1± * ± ^ 

(2) =P 2r q* s (mx + P ! /9<j+P* t l*f t '* 1 Px> 

(3) = f'q^ipjtJx+p^j+Pzqz) 2 ^^ 



P 



X) 



(4)0= p 2r s is (pxg_x+P!,q v +p,qzf t+1 

3,r (2< + 3) ^^ +^*>J * J 

Viscosity type. 

(1) = ^^0 ? ^+l ? y&+y^)*^ 3 --|i? 2 ), 

(2) = jp*2* (M*+JPy &+;P*2*)' (?* 2 - k 2 ), 

(a) 4> = J^g* (p^ +p y& +##*)* {Ptfx- i (#«#* +i?y& H\Mr) }. 

To solve the first of equations (27) write 

<f> x = Xc n (j> n , (29) 

where Ci, c 2 , ... are constant coefficients and $1, 2 , ... functions of the 
conductivity type. Write also 

a n = |exp(-^ 2 --^)(^ 2 + 2 2 --4)p^^-i 

«mn = flnm = [0m, 0n] = J exp (—p 2 — q 2 ) I (0m) 0» <&• J " 

Then the quantities a n , a mn are known by quadrature, and (27) gives 

CiCln +• C 2 «i2 +' ... = «i^ 

^1^21 + c 2 as2 + ... = «2 r- (^1) 



j 



These are the equations for the assumed coefficients. Chapman and Enskog 
have shown that terms of the first three degrees account for about 98 per 
cent, of the thermal conductivity and viscosity of a monatomic gas. It will 
be convenient, though not theoretically necessary, to neglect terms of degree 
higher than the third, thus obtaining a theory of the same approximation as 
Chapman's first theory.** We take 

01 = (P 3 — §-)#*, 02 = (2* -■!)#*, 03 = (Prf[x+P3fc+Pzqz)Px-} 

>. (o2) 

04 = q x , 05 = p\x, 06 = q 2 q x J 

* S. Chapman, < Phil. Trans.,' A, vol. 211, p. 433 (1911). 
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Evaluation of the integrals (30) is simplified by observing that only even 
powers of k$ occur in I (<£ n ), since the change from k$ to /c~* merely inter- 
changes the role of two colliding molecules. The work is not laborious, but 
would become so if carried to a higher degree than the third. We find 

<*1 = fT 3 » «2 = f 7T 3 . «3 = ^4 = «5 = «6 = 0, ^ 



s 



(17a: + 4) (2<7r)M 5a? (27r)M A 

3(l+/e) 2 3(1 + a:) 3 

_ 5k(2tt)M (2* 2 +2*+l)(27r)*7r 6 

3(1 + *) 3 (l + /c) 2 

^20 = #24 =z a 25 = #26 = 0, 

(33) 

It follows that 63 = c 4 = c 5 = c 6 = 0, and c b c 3 are given by the equations 

Ciaii + c 2 ai2 = ot u Ci« 21 + C2ft 3 2 = as. 
Hence 

= 3(k 2 + 45*: + 15 3(l + /e) 2 

Cl ~™ 102* 3 +101/c 2 +75*: + 12 47r 3 (27r)i' 

__ 76* + 12 3(1 + *Q 2 n4 v 

C2 102^ + 10lA 2 + 75^ + 12 47r 8 (27r)i* l ; 

To deal with viscosity we write cj) xx = c 7 </> 7 + c 8 8 + c 9 </> 9> where 

<£ 7 = Pz 2 -%f> </>s ^ 2* 2 — 3r2 a > </>9 = JP^-i(p^+^y2 r y4-p^) (35) 
and a w = J exp ( — jp 2 — ff 2 ) {p* 2 -i (p 2 + <Z 2 ) } <jt>* dr, (36) 

% w remaining as in (30). We find 

a 7 = -17T 3 , # 8 = a 9 == 0, 

- 4(13* + 6)(27r)M _ _ _ _ n }>• (37) 

45(l + /c) s 






Thus to our present order of approximation $ xx = c 7 <^ 7 , where 

/. - 15(1+ a:) 2 ,oov 

7 "~ 4 (13* + 6) 7^(2^* V ; 

6. Considering only the Q x term in (24), the heat flow per cm. 3 (in 
mechanical units) is 

|- M J / (w* — v x ) { (u x — v x ) 2 + (uy — %) 2 + {u z - ^) 2 + kg? (w x 2 + w/ + co z 2 ) } dr, 

M 3 a s fc^ 2 d'T 
where / = <£ + g^Ff^a g^T ex P ( "~~^ 3 ~~ ^ (^ + C2 * 2 )> 

from (12) and (29). The first term in / contributes nothing to the flow. 
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Replacing BT/dx by —1, we have an expression for the thermal conductivity, 
which becomes on reduction 



— $m^< * 



16? WM/ 102^ + 101^ + 75/^ + 12* <• ■' 

The case in which k - oo is of no physical importance, but it is curious to 
see why \-*oo in this case. Rotational motion is practically absent, and the 
effect of a collision from (4) is to transfer each velocity to the other molecule, 
virtually as if there had been no collision at all. The conductivity has a 
finite limit as k ~* 0, notwithstanding that w -*• oo in the steady state. 

Considering only the viscosity terms in (24), the X x component of stress in 
the gas is given by 

X x —p = M \f[(u x —v x ) 2 —\ {(u x —v x f + (u y --Vyf + (u z --v z J}'\ clr 

MttJ /2RT\* U^J^lJ^z 
3a 2 \ M / ° 7 \ dx dy dz 

r\ r) r\ 

on reduction. Identifying the coefficient of 2 ~ — ^ — -~ with ~|w and 

ox oy dz 

substituting from (38) we have 

15 /MRT\i (1 + *) 2 

Also c v = 3R/M, so that 

_V _ (13^ + 6X50^+151^ + 37) 
fic v 10 (102^+ 101/c 2 + 75* + 12)' 



(41) 



For fc = 0,f,and 1 we have X/fic v = 1-85, 1*82, 1*56 respectively. Eucken's 
value corresponding to 7 = 4 is \f/ic v = 1*75; experiment gives 7 = 1*33 
and \/fic v = 1*80 for chlorine. It is not intended to suggest that the 
evidence supports any particular model; only that Eucken's number is as 
well confirmed as we can expect, seeing that \/fic v does not depend on 7 
alone. Qualitative writers have often conjectured that viscosity is but little 
affected by rotation of the molecule. "With our model, j& changes in the 
ratio 1 : 1*26 as tc changes from to 1, and the lower value is the same as that 
of a monatomic gas in Chapman's first approximation. Another much debated 
matter is the partition of transported energy between the translational and 
rotational kinds in thermal conduction. As far as our theory goes, we find 

transported rotational energy __ 4(19/c + 3) 
transported translational energy ~~ 25 (2k 3 + 3a" + 1) j ^ ^ 
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which changes from 0*48 to 0*59 as tc changes from to 1, with a maximum 
of 0*67 in between. It is difficult to imagine a model more effective in 
converting linear into angular velocity, and vice versa, so that 70 per cent, 
may well be an upper limit of the relative efficiency of transport of rota- 
tional and translational energy. 



The Specific Heats of Air, Steam and Carbon .Dioxide, 

By Sir K. T. Glazebrook, F.K.S. 

(Received March 6, 1922.) 

In a recent number* is a paper by Mr. W. I). Womersley bearing the 
above title, in which an account is given of a determination of specific heats 
of the gases named, employing a calorimeter designed by the late Prof. 
B. Hopkinson. 

Mr. Womersley *s experiments extended over the range 1000° C. to 
2000°, and he states that the lower parts have been filled in from the 
researches of Swann and Holborn and Henning. 

The results are given in a Table on p. 486 for every 100° C. up to 2000°. 
Swann's experiments were made at temperatures of 20° C. and 100° C, so 
that the range of values from 200° to 1000° depends on the work of Holborn 
and Henning, and, unfortunately, some error has been made in connection 
with their results. 

They expressed these as the mean specific heat at constant pressure 
between 0° C. and the temperature of the observation — in the case of steam 
between 100° C. and the observation temperature. 

Mr. Womersley has transformed their figures into mean volumetric heat 
per gramme-molecule, but I have been unable to deduce his figures from 
those given by Holborn and Henning, and, in view of the importance of the 
matter, it seems desirable to call attention to the discrepancy. 

Holborn and Henning, in their paper ,f give—Table VIII — their experi- 
mental results, and also the results obtained from a formula which expresses 
the experimental results within, in most cases less than 1 per cent. In the 
case of steam, two formulas, which differ but slightly, are given, while in 
Table IX (p. 842) are stated the results at every 200° O. up to 1400° C. 

* <Koy. Soc. Proc.,' A, vol. 100, p. 483. 

t ' Annalen des Physik,' vol. 23, p. 809 (1907). 



